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ronservation Lawsg

pe and Energy
L ~ The Continuity Equation

i ‘W chapter we study conservation of energy, momentum, and angular momentum, in
wynamics. But I want t9 begin by reviewing the conservation of charge, because {t is
e pmdllm for all conservation laws. What precisely does conservation of charge tell us?
nat the total charge in the universe is constant? Well, sure—that’s global conservation of
: but local conservation of charge is a much stronger statement: If the total charge
e volume changes, then exactly that amount of charge must have passed in or out
h the surface. The tiger can’t simply rematerialize outside the cage; if it got from
to outside it must have found a hole in the fence.
rmally, the charge in a volume V is

o) = f p(r,t)dr, (8.1)
%

rrent flowing out through the boundary S is s J - da, so local conservation of

dt S :
!ﬁ}‘i to rewrite the left side, and invoki}?g the divergence theorem on the right, we
Qﬂdn_fv.m, 83)
y ot v
it follows that

for any volume,

’

o sﬁfuct the corresponding equations
tum. In the process (and perhaps more
, density and the momentum density (the
he momentum “current” (analogous to J).
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wton’s Third Law in Electrodynamics

i ing i i t speed v. Because it is
int charge ¢ traveling in along the x axis ata constan v B :

electric ﬁildqis not givin by Coulomb’s law; nevertheless, E still Pomts radna]llg
 the instantaneous position of the charge (Fig. 8.2a), as we'll see m.Chapter ; .
r, a moving point charge does not constitute a steady current, its magnetic
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CHAPTER 8. CONSERVATION i

(b)

Figure 8.2

Savart law. Nevertheless, it’s a fact that B still circles around

i iven by the Biot- ! ’
i field s not given By hand rule (Fig. 8.2b); again, the proof will come

the axis in a manner suggested by the right-

[ in Chapter 10.
‘ ! ~ Now suppose this charge encounters an identical one, proceeding in at the same speed
along the y axis. Of course, the electromagnetic force between them would tend to drive
& them off the axes, but let’s assume that they’re mounted on tracks, or something, so they're
forced to maintain the same direction and the same speed (Fig. 8.3). The electric force
between them is repulsive, but how about the magnetic force? Well, the magnetic field of
1 points into the page (at the position of g5), so the magnetic force on g, is toward the
whereas the magnetic field of g, is out of the page (at the position of qy), and the
on gy is upward. The electromagnetic force of q1 on q is equal but not
e force '.Qf"'q”z on qy, in violation of Newton's third law. Tn electrostatics and
third law holds, but in electrodynamics it does not.

W

um. This is not so surprising
fo the fields. In the case of th

is lost to the particles is gained by the fields. €
tothe mechanical momentum of the charges is "'1 ]
how this works out quantitatively in the following
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2.3 Conservation of Momentum

According to Newton’s second law, the force on an object is equal to the rate of change of

i ymentum:
2 F= dpmech
dr !
Equation 8.22 can therefore be written in the form
M = —60#«01/‘ Sdr +¢ T -da, (8.28)
dt dt Jy S

here Pmech is the total (mechanical) momentum of the particles contained in the volume V.
This expression is similar in structure to Poynting’s theorem (Eq. 8.9), and it invites an ana}-
jgous interpretation: The first integral represents momentum stored in the electromagnetic

elds themselves:
Pem = HO€0 / Sdr, (8.29)
v

ile the second integral is the momentum per unit time flowing in tfnmugh t(i:; i:‘a'r{?jz:
tion 8.28 is the general statement of conservation of momentum in ele.ctr u); . thé
Y increase in the fotal momentum (mechanical plus electromagnetic) 1S e(:l ¢ Y
’ ow
mentum brought in by the fields. (If V is all of space, then no momentum

and ey + per is constant.) :
in the case :)ni"' conservation of charge and conservatwltl)e the density 0
n can be given a differential formulation. Let Pmech
nd g, the density of momentum 11 the fields:

of energy, conservation of
f mechanical

(8.30)

density, playing the role of J (current i
momentum :‘:‘x density) in Poy'nting's. theon?m: Speci ﬁCal]lt‘y)\m. .
s.(ewcmssing a surface oriented in the j d“'eCliOn‘ Per uni ijl§
i d“';chgo;oynﬁng vector has appear ed in two quite differem Tolec.
unit time, transported by the electromagpegic ﬁeesl;k

el s the electromagnetic SUress force per unit
— the momentum current density) tr !
desrbe the fiow of momentum ( >11y) transporte

et A PN
=g e S

e s
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ators of forces between charges)

8.13)




